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HEIGHT AND AREA ESTIMATES FOR CONSTANT MEAN CURVATURE 

GRAPHS IN E(k,t)-SPACES 


JOSE M. MANZANO AND BARBARA NELLI 


Abstract. We obtain area growth estimates for constant mean curvature graphs in E(av, r)- 
spaces with < 0, by finding sharp upper bounds for the volume of geodesic balls in E(/€, r). We 
focus on complete graphs and graphs with zero boundary values. For instance, we prove that 
entire graphs in E(k, t) with critical mean curvature have at most cubic intrinsic area growth. 
We also obtain sharp upper bounds for the extrinsic area growth of graphs with zero boundary 
values, and study distinguished examples in detail such as invariant surfaces, fc-noids and ideal 
Scherk graphs. Finally we give a relation between height and area growth of minimal graphs in 
the Heisenberg space (/c = 0), and prove a Collin-Krust type estimate for such minimal graphs. 


1. Introduction 

Constant mean curvature surfaces in simply-connected homogeneous 3-manifolds have been ob¬ 
ject of study of many authors in the last decade. Special attention has been given to those 
3-manifolds with isometry group of dimension at least 4, which are classified in a 2-parameter 
family € M, with the exception of the hyperbolic space Also E(As:,r) admits a 

Riemannian submersion with bundle curvature r over the simply-connected 2-dimensional 

manifold with constant curvature /^, such that the fibers of the submersion are the integral curves 
of a distinguished unit Killing vector field [Sill]. It arises the natural question of studying graphs 
(i.e., sections of the Riemannian submersion) with constant mean curvature, over domains of 
M^(k), as a non-parametric version of the constant mean curvature condition (see Section [3]). 

A fundamental tool in the comprehension of surfaces in E(k, T)-spaces is Daniel correspon¬ 
dence [S], which couples isometric constant mean curvature surfaces in different E(k, r)-spaces 
with different constant mean curvatures, and respects locally the graphical condition. 

We will actually focus on the case of constant mean curvature graphs in E(k, r), for any r > 0 
and K < 0. If T 7 ^ 0, this restriction leads to the Heisenberg group Nil 3 (T) = E(0, r) and SL 2 (M) 
for K < 0. If r = 0, one has E(0, 0) = and E(k, 0) = x M for k < 0. We are skipping 

the case k > 0, i.e., when the submersion is over the round sphere S^(k), since the results we are 
looking for do not make sense in that case. 

Our first aim is to evaluate how fast the area of a minimal graph in E(k, t) can grow. Up to our 
knowledge, questions related to area growth of surfaces in E(K,r) have not been tackled yet. 

Here we will propose three different notions of area growth of a surface E C E(k, t) as the growth 
of the function R i—area(E 0 An), where An is either the geodesic ball in E of radius R (intrinsic 
area growth), or the extrinsic geodesic ball in E(/c,t) of radius R (extrinsic area growth), or a 
solid cylinder of radius R (i.e., the preimage of a disk of radius R in M^(k) by the submersion) in 
E(«;, r) (cylindrical area growth). These three notions are independent of the point where the sets 
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A Pi are centered, and it is easy to see that intrinsic area growth is always slower than the extrinsic 
one, which is in turn slower than the cylindrical one. 

Our hrst estimate on the area will rely on a detailed study of the volume of geodesic balls in 
E(k,t). For instance, we obtain that geodesic balls Bpi of radius R in Nil 3 (r) have quartic area 
growth, in the sense that R~'^ 'vo\{Bpi) remains bounded between two positive constants, when R 
is bounded away from zero (Proposition [ij , in contrast to the case of , where this growth is 
cubic. Moreover, we give explicit expressions for the geodesics of E(/c, r), k < 0, in terms of initial 
conditions. 

The key idea in the extrinsic estimates of the area is to get a relation between the area of the 
intersection of the surface with an extrinsic ball Bpi and geometric quantities computed on the 
base M^(k) (Lemmas 0] and O. The main result (Theorem [T|) states that, if E C E(k,t) is a 
minimal graph over a domain C M^(h;) such that either E extends to dO, with zero boundary 
values, or length(9(nnT>fl)) is suitably controlled, being Dp = Tr{Bp) a disk of radius R in M^(k), 
then: 

(a) If E(«;, r) = R^, then E has at most quadratic extrinsic area growth. 

(b) If E(R,r) = Nil 3 (T), then E has at most cubic extrinsic area growth. 

(c) If K < 0, then E has at most extrinsic area growth of order R i-A 

As a first consequence of the extrinsic estimate, we are able to analyze the intrinsic area growth 
of a complete graph E with constant mean curvature H in E(h;,t) (Theorem [2]). If + k > 0, 
then it is proved in [52] that k > 0 and E = x {to} in S^(k) x R. If + k = 0 (i.e., 

E has critical mean curvature), then E has at most cubic intrinsic area growth. Finally, if the 
mean curvature is subcritical (AH^ + k < 0), then the intrinsic area grows at most exponentially 
as . The same estimates hold for extrinsic area growth if = 0. 

As a second application, we get some intrinsic and extrinsic properties of important examples in 
the theory, such as horizontal umbrellas, minimal graphs in Nil 3 (T) invariant by a one parameter 
family of ambient isometries (classified by Figueroa-Mercuri-Pedrosa [I6jl. symmetric fc-noids with 
subcritical constant mean curvature in ]HI^(k )xR HUHTIIIH], and ideal Scherk graphs (i.e., graphs 
on unbounded domains of ]HI^(k) bounded by ideal polygons with a finite number of sides, taking 
±oo-values alternately along the boundar) with subcritical constant mean curvature [7] 1151124] . In 
the case of /c-noids and ideal Scherk graphs, we conclude that they have intrinsic quadratic area 
growth, so they are parabolic (i.e., the only non-positive subharmonic functions on the surface are 
the constant ones) by a classical result of Cheng and Yau |3] . 

As a byproduct of our technique we obtain some intermediate results of interest by themselves. 
On the one hand, we get that the area of the projection to M[^(k), fc < 0, of a complete graph 
with constant mean curvature H is finite if and only if it is an ideal Scherk graph (Proposition |3|), 
which allows us to prove that the class of ideal Scherk graphs is preserved by the Daniel correspon¬ 
dence (Corollary [T|). On the other hand, we discover that Figueroa-Mercuri-Pedrosa examples are 
parabolic though their intrinsic area growth is exactly cubic (Proposition |2|) . We employ this to 
correct a small mistake in the Bernstein-type theorem for parabolic horizontal graphs given by the 
hrst author, Perez and Rodriguez |22l Theorem 3]: we deduce that a complete parabolic minimal 
surface in Nil 3 (r) which is transversal to a non-vertical right-invariant Killing vector held is either 
a plane or congruent to an invariant surface (Theorem |3|) . 

Lower bounds on the area come from analyzing the cylindrical area growth (see Section|5|), which 
is a suitable tool to study the area of entire graphs. We obtain that an entire graph in Nil 3 (r) has 
at least cubic cylindrical area growth, while in SL 2 (R) it has at least cylindrical area growth of 
order (Corollary |2|). We emphasize that these estimates do not have assumptions on the 

mean curvature of the graph, and follow from a classical application of the divergence theorem. 
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It is worthwhile noticing that the cylindrical area growth of entire minimal graphs in Nil 3 (T) 
is at least cubic, and the extrinsic one is at most cubic. Hence proving that they coincide for 
some entire minimal graph E, would ensure that E has exactly cubic extrinsic area growth. Here 
height estimates come in handy and tell us that the slower the height of the surface grows, the 
better the extrinsic area growth is controlled. In particular, if the height of an entire minimal 
graph E C Nil 3 (T) grows at most quadratically with respect to the distance to the origin in the 
base K.^, then E has exactly cubic extrinsic area growth (Corollary |31). Height is always measured 
with respect to the usual zero section in Nils (u), so this situation applies to many known explicit 
examples of entire minimal graphs (e.g., see [31 mm US]). In this sense, the last part of the paper 
deals with height estimates for minimal graphs in Nil 3 (T). 

On the one hand, we obtain that the height of an entire minimal graph E C Nil 3 (r) grows at 
most cubically, which ensures that the extrinsic area growth of E is between quadratic and cubic 
(Theorem |S|). This is achieved by getting a global gradient estimate for entire spacelike graphs in 
the Lorentz-Minkowski space with positive constant mean curvature (Lemma |S|): based on the 
work of Cheng and Yau [S] and Treibergs [30] through the Calabi-type correspondence by Lee [H] . 
It is worth emphasizing that our gradient estimate for E is sharper than the general estimates 
for the angle function in Killing submersions given by Rosenberg, Souam and Toubiana in |29j . 
As a consequence, we improve a result of Espinar m Corollary 5.2] by showing that a complete 
orientable stable surface with constant mean curvature H in E(it, r), with r ^ 0 and + k > 0, 
whose angle function is square-integrable must be a vertical cylinder (Corollary [3]). 

On the other hand, we complete the study of the height by getting a sharp Collin-Krust type 
estimate [B]! which establishes that the height of a minimal graph in Nil 3 (r) with zero boundary 
values over an unbounded domain cannot grow less than linearly (Theorem [7] and Corollary |S]). 
Essentially we prove that all such graphs grow at least as catenoids (i.e., the situation is similar to 
, where Collin and Krust proved at least logarithmic height growth [B] ; see also the generalization 
by Leandro and Rosenberg [3D]i. 

As a final remark we point out that our results also yield a new estimate for minimal surfaces 
in (Theorem |T]) and that some of them can be directly generalized to the setting of Killing 
submersions (Remark [3]). 

The paper is organized as follows. In the second section we deal with geodesic balls in E(k, r) 
and describe their shape and volume. In the third section we recall the equation of a minimal 
graph in E(k, r), and describe many known examples. The fourth and fifth sections contain the 
most important results of the paper about the intrinsic, extrinsic and cylindrical area growth of 
constant mean curvature surfaces in E(«;, T)-spaces. In the sixth section we obtain the height 
estimates a la Collin-Krust. Table |T] summarizes our principal results about area growth. 

2. Geodesics in E(k,t)-spaces. 

Given n, r £ R, we will consider the model for the 3-manifold E(k, t) as 

= {{x,y,z) -.1 + j{x^ +y^) > 0} , 

endowed with the only Riemannian metric such that 

El = ^ - ryd^, E2 = ^ + Txdz, E3 = d^, 

defines a global orthonormal frame, where 

X{x,y,z) = (1+ '^{x'^+ y'^)^ , (x, y, z) £ E(k, r). 

The projection to the first two components (x^y,z) 1 —>■ {x,y), is a Riemannian submersion with 
bundle curvature r onto M^(k), the simply-connected surface with constant curvature k. The 
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Surface 

Curvature 

Space 

EAG 

GAG 

lAG 

CT 

Umbrellas 

H ~0 

Nil3(r) 




Hyp. 

K < 0 

1 

> 

gRV-fc 

^R\/-k. 

FMP surfaces 

H = 0 

Nil3(T) 


R^ 

R^ 


Ideal Scherk 

4ij2 + K < 0 

E(/t, r) 



< i?2 

Par. 

fc-noids 

EI^(«:) X R 

(i£ = 0) 




H = 0 

Nil3(r) 

> R^,< R^ 

> 

< i?3 


Entire graphs 

4ij2 + K = 0 




< i?3 


4ij2 + K < 0 

K < 0 


IV 

05 

s 

1 

?:| 




£1 = 0 


< Re^'^-'^ 

^ ^Ry/-K 

< Re^'^-^ 


Graphs with 


R^ 

< R^ 


< R^ 


zero boundary 

i£ = 0 

Nil3(T) 





values 


K < 0 



< Re^'^-^ 



Table 1. EAG=Extrinsic Area Growth, GAG=Gylindrical Area Growth, IAG= 
Intrinsic Area Growth, CT= Conformal Type (hyperbolic or parabolic). 


fibers of the submersion are geodesics, and coincide with the integral curves of the unit Killing 
vector field E^. The Levi-Civita connection V on E(k,t) in the frame {Ei, E 2 , E 3 } is given by 


^ EiEi = 

iyE2, 

E1E2 = —f A'l + T E3, 

El E3 = —TE2, 


V e^Ei = 

-!^xE2 - TE3, 

E2E2 = ^xEi, 

^ E2E3 = tEi, 

(2.1) 

VsgEi = 

-tE2, 

E3E2 = T El, 

E3E3 = 0. 



Let us describe the equations of the geodesics in E(«;,r). Given a curve 7 : R —E(k,t), it can 
be expressed as 7(t) = {x{t),y{t), z{t)) € so 7'(t) = x'{t)dj;+y'{t)dy + z’{t)d;, = J 2 k=i ^k{t)Ek, 
for some functions : R —>■ M. It is straightforward to check that 

_ x' _ y' _ I , yx' - xy' 

l+f(x2+y2)’ 

By means of the Levi-Civita connection (EU, the condition V-y/y' = 0 is easily developed. We 
conclude that 7 is a geodesic if and only if (oi, 02, 03) is a solution to the following ode system: 

{ a’l = —^xa\ -I- f yaia2 — 2ra2a3, 

02 = — fyay-I-|a;aia2-I-2raia3, (2.2) 

a '3 = 0 . 

On the other hand, we know that if 7 is a geodesic, then Troy : R —>• M^(k) has constant geodesic 
curvature and constant speed, and the angle function 03 = (7', £13) is also constant [H], which 
allows us to obtain the explicit solutions of (12.21) given below. 

In the sequel we will denote by B{i{p) (resp. Dfi{x)) the geodesic ball of E(«:,t) (resp. M^(k)) 
of radius R>0 centered at p € E(k, r) (resp. x € M^(k)). 


2.1. Geodesics balls in Nil 3 (r). Given (j) € [0,7r], cj) ^ and 6 € . 
check that 

x(t) = (cos(2r cos((())t + 0) — cos(y )), 

2t 

y(t) = (sin(2r cos((/))f + O') — sm(y )), 

2t 

, , 1-I- cos^(())) tan^(d>) . , ,, , 

*<'> = 2 <x,sW * - 

defines a complete geodesic in Nil 3 (r) such that a:(0) = y(0) = 2 :( 0 ) = 0, and a:'(0) = — sin(6() sin((/)), 
y'(0) = cos(6l) sin(0) and 2;'(0) = cos(</>). This shows that these are all the geodesics in Nil 3 (r) 


it is straightforward to 


(2.3) 
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passing through the origin with unit length, except for the horizontal ones, which are straight lines 
given by t i-A (cos(0)t, sin(0)t, 0) and correspond to the limit value of the parameter </> = f. 

Given i? > 0, we are interested in calculating the maximum height of the geodesic ball of 

radius R in Nil 3 (r) centered at the origin. This is equivalent to find a value of </> G [0, tt] maximizing 
z{R), where z(t) is the function given by (12.3p . It is not difficult to prove that z{R) > 0 if and 
only if ^ G [0, ^[. Since lim 0 _>.iL z[R) = 0, we conclude that the maximum is attained for some 
value of 0 G [0, 5[, and we will restrict ourselves to this interval. After considering the change 
of variable s = 2 tRcos{ 4 >) G ]0,2ri?], we can reduce the problem to maximize the real-valued 
function C,r : ]0, 2Ti?] —>■ M given by 

... s(s^-I--I-(s^ - sin(s) 

Cr(s) = z{R) = - — -. 

In order to get the critical points of we calculate 

s(s^ — 4r^i?^)(l -|- cos(s)) -|- St'^R? sin(s) 

W ^ ’ 

The equation Cr{s) = 0 has two different kinds of solutions: 



• On the one hand, the values s G ]0, 2tR\ satisfying cos(s) = —I. Observe that for such a 

value s, one gets that sin(s) = 0 so Cr{s) = This last expression is a decreasing 

function of s for s G [0,2tR], which implies that, among all critical values of (r with 
cos(s) = —1, the one where Cr has a greater value is the smaller one, i.e., s = tt. Note 
that this only makes sense for 2tR > tt; otherwise there are no critical values of ^r with 
cos(s) = —1. 

• On the other hand, if s G ]0, 2tR] is a critical value of (r such that cos(s) ^ —I, we can 
deduce from making (Ea) equal zero that 


ZSN sin(s) s(4T^i?^ — s^) 

V2/ 1-I-cos(s) 


(2.5) 


Note that equation (12.51) has many solutions for R big enough. Moreover, it allows us to 
work out 


2tan(|) — s^) 

1 -I- tan^(|) (s^ -I- 4) — _j_ ^6 ’ 

l-tan2(§)_ 128t^R^ 

1 -I- tan^d) (s^ -I- 4) — 8t'^R?s'^ + s® 


Taking derivatives in dZl and using (EH), the second derivative of C,r at a critical point 
s such that cos(s) ^ — \ can be written as 

^ ^ (4t^ (s^ — 6) — s^) sin(s) -|- 8r^i?^s(2 cos(s) -I- I) 

CrIs) = ^ 

_ 2Ti?2(4T2i?2 _ -f 96T3i?4 
s^{4:t‘^R'^ — -I- 64r"^i?^s 


In particular, (^r does not have a (local) maximum at s. 


As a consequence of this discussion, the maximum value of Cr(s) is attained either at s = tt (for 
2tR > tt) or at the extremal value s = 2tR (we recall that the other extremal value s = 0 is 
discarded since lims_>o Cr('S) = 0). Taking into account that (R{n) = ^ and Cr{2tR) = 

R, we realize that Cr{tt) > C,r{2tR) if and only if 2tR > tt. Hence we get a following sharp 
approximation of the spheres by cylinders. 


Lemma 1. Given i? > 0, let Br{0) be the geodesic ball in Nil 3 (r) centered at the origin and let 
■Dr(O) = {(x, y) G -f ?/^ < R^}. 
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(a) If R< then C Dfl;(0)x] — R,R[. 

(b) IfR>^, then Bn{0) C i?R(0)x] - -!±^, 


Using this estimate we are able to give an upper bound on the volume growth of geodesic balls 
in Nil 3 (r). We would like to point out that it seems hard to get an explicit computation of their 
volume due to the difficulties coming from conjugate values along geodesics. Some explicit results 
for small radii are given in m and the references therein. 

Let us consider the function d : R such that d{p) is the distance in Nil 3 (T) from p to the 

origin, i.e., 5^(0) = {p GMf : d{p) < R}. Given a > 0, we will also define the function 

(5a : R, 6a{p) = max|A/a;2 + _ (2.7) 

Next lemma shows that d and 6 a are equivalent, away from the origin, in the sense of distances. 
Note that the ball of radius R for Sa is given by {p € R^ : Sa{p) < R} = £)_r(0)x ] — ofR'^, 
which motivates this definition in view of item (b) in Lemma [TJ 

Lemma 2. Given a > 0, there exist constants M,m > 0 such that 

md{p) < Sa{p) < M d{p), 

for all p € Nil 3 (r) with d{p) > 


Proof. Let us suppose that p = (x, y, z) € 


is such that R = d{p) > Then Lemma [T] ensures 

that p G L>r(0)x] - so x'^ +y'^ < R^ and jz] < From we get 

that 5a{p) < MR = M d{p), for some constant M not depending on p. 


In order to prove the other inequality, let us consider the Carnot-Caratheodory distance dccip), 
defined as the inhmum of the lengths of horizontal curves in Nil 3 (T) joining p and the origin. As 
the infimuin is taken over horizontal curves, it is obvious that d < dec, so we will prove that there 
exists K > 0 such that dcc{p) < K Sa{p) for allp, and we will be done. Observe that both dec and 
6a are homogeneous of degree 1 with respect to the dilations {x,y,z) i—>■ {Xx,Xy,X^z), i.e., they 
satisfy dcc{Xx, Xy, X^z) = Xdcc{x,y, z) and 6a{Xx,Xy,X^z) = X6a{x,y, z) for all {x,y,z) G R^ 
and A > 0. Hence, by using such dilations, we only need to prove that dcc{p) < K 6a{p) for all 
points p G R^ with dcc{p) = 1- This last assertion easily follows from the compactness of the unit 
sphere of dec and the continuity of 6a (this is a standard argument, see [2j Section 2.2]). □ 


Remark 1. An inequality of the type md{p) < 6 a{p) is true for all p G Nil 3 (T), but the inequality 
<5q(p) < M d{p) is not valid in general since the quotient ^ is not bounded from above when one 
approaches to the origin. In fact, the statement of Lemma [5] is still valid after substituting ^ by 
any other positive real number. 


Proposition 1. Geodesic balls in Nil 3 (T) have quartic volume growth in the sense that, fixing p G 
Nil 3 (T), the function R i-A R~'^ vo\{B{i{p)) is bounded between two positive constants independent 
of p, when R is bounded away from zero. 


Proof. Since Nil 3 (r) is homogeneous, we can assume that p = 0. For any R > 0, let us define 
Cr = iA/j(0)x] — R^,R^[. Lemma [5] with a = 1 yields the existence of M,m > 0 such that 
CmR C Br{ 0 ) C Cmr for all i? > Since the volume form in Nil 3 (r) coincides with the 
Euclidean volume form in R^ (i.e., the identity map Nil 3 (r) —>■ R^ is volume-preserving) we 
conclude that vo^C/j) = 2ttR^ for all i? > 0, so 2'!rm^R‘^ < vo\{Br{ 0 )) < 2'kM‘^R^, and the 
statement follows. □ 


2.2. Geodesic balls in SL 2 (M). Let us first observe that there exist four kinds of geodesics in 
E(k, r), K < 0, r 7 ^ 0, depending on the nature of tt o 7 , i.e., the curve tt o 7 can be a geodesic, a 
circle, a horocycle, or a hypercycle in ]HI^(k). Up to a rotation about the z-axis, we will chose the 
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geodesic 7 = {x,y,z) with unit speed and 7 ( 0 ) = (0,0,0) so that x'(0) = 0 and y'{0) > 0. Hence 
7 lies in one of the following families of examples: 

( 1 ) Horizontal geodesics (projecting onto a geodesic of ]HI^(k)) 

7(i) = ( 0 , :^tanh(^t),o) , 
from where 7 ^( 0 ) = ( 0 , 1 , 0 ). 

(2) Elliptic geodesics (projecting onto a circle of IHI^(/c)) 

4a(Ka^ — 4)(1 — cos(mt)) 


x{t) = 

yit) = 

z{t) = 


16 + cos(mt) ’ 

4a(Ka^ + 4) sin(TOt) 

16 + + Sna? cos(mt) ’ 

4 + a^(8r^-«:) 4r 

— - t -\ -arctan 

^(4 — koP'Y + 64a^r2 k 


— Ko^ sin(mt) 


, 4 + Ko^ cos(mt) 

where 0 < a < -^ 7 = is arbitrary, and we take the auxiliary parameter 

2(4 + Ka?')T 
Y^(4 — ko^Y + 64a^T2 

Note that the initial condition 7 '( 0 ) is given by 

7 ( 0 ) =(o,. '' 


Y74k7^(a^j2 + 04^2ijl2 ^(4 — + Oda^r^ j 

We remark that the vertical geodesic 7 (t) = (0, 0,t) is obtained for a = 0. 
(3) Parabolic geodesics (projecting onto a horocycle of ]HI^(k)) 


x(t) = 

v{t) = 


4t^ — k (1 + ’ 

2t-\/ 4t^ — Kt 
4t^ — k (1 + ’ 


V 4t^ — K 4r 

z{t) = - ;- — t-\ -arctan 


J—K K 

If follows that the tangent vector at the origin is 

2t 


•\/4t^ — 


7 '( 0 ) = 0 , 


V 4 t ^ — K ’ \/ 4 t ^ — K , 

(4) Hyperbolic geodesics (projecting onto a hypercycle of ]HI^(k)) 

4a sinh^( 77 it) 


x{t) = 

y{t) = 

z{t) = 


4 + Ko^ cosh^(mt) ’ 
a\/—K,a? — 4 sinh(2mt) 
4 + cosh^(mt) 


2 tanh(mf) 
y/—Ko? — 4 

for any choice of a > ^ 2 = where m = Note that 

■' V —K 2Va^r2 + l 


4t^ — k 4r 

— , 11 -\ -arctan 

K\/l + aV^ K 


7 '( 0 ) = (^ 0 , 


VT+'aV^ 


•\/l + a^r^ 


Remark 2. This classification does not extend to the case k < 0 and r = 0, because the geodesics 
of ]E(k, t) = ]HI^(«;) X R are just the product of geodesics of each factor. 
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We shall now estimate the maximum height of the geodesic ball in E(k,t) when k < 0. 

Lemma 3. Given i? > 0, let Bji(0) be the geodesic hall of radius R in k < 0, centered at 

the origin, and let DjiiQ) = {{x,y) G + 1 /^ < ^ tanh^(-^^^^i?)} be the corresponding disk 

in ]HI^(k). Then there exists M > 0, independent of R, such that Bfi{0) C Dfi{0)x ] — MR,MR\. 


Proof. Reasoning in the same way we have done in Nil 3 (r), this is equivalent to estimate z{R) 
for a unit-speed geodesic 7 = {x,y,z) with 7(0) = (0,0,0). If t = 0, then the statement is trivial 
(clearly we can take M = 1), so we will suppose that r ^ 0. Taking into account the explicit 
expressions for z{t) above, it is clear that the geodesic maximizing z{R) cannot be horizontal and, 
in the other cases, we can estimate the arctan-term by ±^. Since the remaining term is linear in 
t, it suffices to get a bound on its coefficient not depending on the parameter a. It is not difficult 
to check that 


1 


2 TFT 


z{R) < 1 - -( 8 t^ -k)]R -, 

\ K J K 

W — K K 


(Elliptic case) 

(Parabolic and hyperbolic cases) 


from where the statement follows. 


□ 


3. Minimal graph equation in E(K,r) and examples 


Given a domain 17 C M^(k) and a function u G C^(I7) we define the graph of u (with respect to 
the zero section {x,y) !->■ (x,y,0)) as the surface 


S = {{x,y,u{x,y)) : {x,y) G O}. 


It is well-known that the mean curvature H{u) of the graph E C E(k,t) is given as a function on 
M^(k) by the following divergence-type expression: 


H{u) = 2 div 


Gu 


v'T+||Gm|P 


(3.1) 


where the divergence and the norm are computed in M[^(k), and Gu is a vector field on f7 given in 
coordinates by Gu = {^+Ty)^ + (l^—Tx)^. The most important feature of Gu is the fact that 
it can be expressed as Gu = Vw-|-Z, where Vm is the gradient of u in M^(k), and Z = ry^ — rx^ 
is a vector field in M^(k) independent of u. We will also denote Wu = \/l + ||Gm|P, as usual. 


Remark 3. Equation (13.11) is one of the keystones of our arguments below, and it is still valid in 
the more general scenario of Killing submersions, i.e., in an orientable 3-manifold E that admits a 
Riemannian submersion tt : E —>■ M, being M a surface, such that the fibers of tt are the integral 
curves of a unit Killing vector field After choosing an initial smooth section Fq : M —>■ E 
transversal to the fibers, we can understand graphs as surfaces parametrized by F„ : 17 C M —>■ E, 
given by Fu{p) = 4iu{p){Fo{p)), being u G C'°°(17) and {(/ftljgR the 1-parameter group of isometries 
associated to It turns out that the mean curvature iJ('u) of as a function on M, satisfies (13.11) . 
where Gu = Vu + Z for some vector field Z on 17 [TO]. In that sense, some of our results extend 
without changes to the Killing-submersion setting (see Lemmas |4| and [5]) . 


Next we will briefly describe some examples of minimal surfaces in Nil 3 (T). 

(1) Planes. In our model of Nil 3 (T) = R^, all affine planes are minimal. On the one hand, 
vertical planes (i.e., those projecting to a geodesic in R^) are flat and admit two foliations: 
one by vertical geodesics and other by horizontal geodesics. On the other hand, if E 
is a non-vertical plane, then E is a horizontal umbrella (i.e., the union of all horizontal 
geodesics passing through a point p G E), and has negative Gauss curvature. 
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(2) Vertical catenoids. Let us briefly explain how the equation of catenoids is deduced (see 
also m)- Given the parametrization of a rotationally invariant surface 

s) = {r{t) cos(s), r{t) sin(s), h(t)), {t, s) € C 


we can reparametrize it in such a way that there exists an auxiliary function a{t) satisfying 
h'{t) = cos(a(t)) and + T‘^r{tY = sin(a(t)). Using this, $ has constant mean 

curvature H if and only if the following system of ODE is satisfied: 


r h'{t) 

I r'{t) 

\ «'(t) 


cos(a(t)), 

sin(Q;(t)) 

•y/l+T2r(t)2 ’ 

cos(a(t))+2ifr(t) 


(3.2) 


The quantity E = rcos{a) + Hr"^ is constant along any solution of (I3.2|) . If iJ = E = 0, 
we get that z must be constant. If iL = 0 and E ^ 0, we reparameterize dll]) by taking 
r = as a variable to obtain a 1 -parameter family of catenoids depending on the 

parameter E > 0, given by: 



Ey/T^^T^^ 
- E2 


ds, 


r > E. 


This means that half of the catenoid is a graph over the exterior domain r > E with zero 
boundary values. We also observe that r is the arc-length parameter in so the height 
growth of the catenoids is linear. Moreover catenoids have negative Gauss curvature. 

(3) Graphs. Fernandez and Mira [Tl] showed that there exists a vast family of entire minimal 
graphs in Nil 3 (T), namely, they can associate to each holomorphic quadratic differential 
(5onCorD = {zG C: \z\ < l}a 2-parameter family of entire minimal graphs with 
Abresch-Rosenberg differential Q. The only restriction is Q 0 if the domain is C. 


• Figueroa, Mercuri and Pedrosa in m classified minimal graphs in Nil 3 (r) invariant 
by a 1-parameter group of left-invariant isometries. Such surfaces are given by the 
graph of the function 


fe{x,y) 


Txy + 


sinh( 0 ) 

4r 


2 Ty^J 1 + 4 t 2?/2 _|_ arcsinh( 2 r?/) 


(3.3) 


for any 0 € R. 

• Cartier [31 Corollary 3.8] proved that there are non-zero minimal graphs on any wedge 
of of angle ] 0 , 7 r[, with zero boundary values. The techniques in the construction 
involve the deformation of a horizontal umbrella. The second author, Sa Earp and 
Toubiana m proved that, for any wedge S with vertex at the origin and angle 
0 s]^, 7 r[, there exists a non-zero minimal graph over S, with zero boundary value. 
Here the proof is based on classical PDE’s theory joint with a suitable construction 
of barriers. 


• Daniel Examples 8.4 and 8.5] constructed entire minimal graphs of the form 2 : = 
xf{y) for some real function / growing linearly at ± 00 . As the Figueroa-Mercuri- 
Pedrosa examples, they are parabolic. 


4 . Extrinsic (Spherical) area growth 

Let us consider a minimal graph E C E(«:,t), k < 0, over an unbounded domain H C M^(«:) 
given by a function u : H —>■ R. We will assume that dO, is piecewise regular and in each of its 
regular arcs, the function u either takes continuous boundary values or has ±00 limit value. It is 
well-known that if u takes ±c» limit value along a curve 7 , then 7 must be a geodesic arc. 
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Given a point po € E(K,r), we are interested in estimating the area of the intersection of E 
with the geodesic ball of of radius R, centered at po- Given a continuous positive 

increasing function / : R —>■ R^, the surface E has extrinsic area growth of order at least f{R) 
(resp. at most f{R)) if 

. area(E n -Bij(po)) ^ „ f area(E n Bfl(po)) ^ \ 

f{R) V R^oo f{R) J 

This definition does not depend on poj so we will assume that po = 0- When f{R) is a polynomial 
of degree fc, we say that the extrinsic area growth is of order at least (or at most) k. 

The following results will give estimates of the extrinsic area growth in terms of quantities 
computed in the base C M^(k). Given i? > 0, for simplicity we will denote n(i?) = fl Dr{Q) 
and = ^{R 2 ) \ The proof of Lemma H] is inspired by the work of Elbert and 

Rosenberg (see [121 Lemma 4.1]). 

Lemma 4. LetEcE(K,T) be a minimal graph given by a function u € C°° (it), where ft G WP (k) . 
Given R > 0, let us suppose that we can decompose dfl{R) = A(i?) U r(i?) U 0(i?), where u takes 
limit values ±oo along A(i?) C u has continuous boundary values along T{R) C dfl, and 
0(i?) = 11 n dil{R). We will also assume that Bji{0) C I1r(0) x [—h{R), h{R)], for some positive 
function h. Then the following area estimate holds: 

area(E n il_R(0)) < area(fl(i?)) + / |Z| +/i(i?) length(0(i?) U A(i?)) + f |u|. 

Jn{R) dr{R) 


Proof. Since W = ^/l + \Gu^ G C°°{Tt) is the area element of E in the base domain 11 through 
the projection tt : E(K,r) —>• M^(k), we get that 


area(E n i3/{(0)) = / 

J TT 

-j 

Jn 


W < 


W 


7r(SnBK(0)) 


/n(R)n{|u|</i(R)} 


\Gv 


(4.1) 


a(R)n{|«|<h(R)} 


W 


/n(R)n{lui<h(R)} 


W' 


Since W > 1 and H(i?) fl {|m| < h{R)} C 11(1?), the second term in the RHS of (14.11) satisfies 


/ 


n(R)n{|«|</i(R)} 


^ < [ 1 = area(ll(i?)). 

•T Jn{R) 


(4.2) 


In order to estimate the first term in the RHS of (HU), we fix i5 > 0 and define the following 
auxiliary functions over H; 


'h{R) if u{x) > h{R), 
ur{x) = u{x) if |M(a;)| < h(i?), <^R(a;) = < 

—h[R) if u{x) < —h{R), 


1 if r(x) < R, 

ii R<r{x) < {1 + 6)R, 
0 if (1 + d)R < r{x), 


where r{x) denotes the distance to the origin in M^(k). Observe that the cut-off function (j>R is 
such that 0 < <j)R < 1. By decomposing Gu = Vu + Z and using that Vur = Vm if |u| < h{R), 
and Vitfl = 0 if ImI > h{R), we get 


\Gi 


'n(R)n{|«|</i(R)} 


W 


< 


tn((i+s)R)n{lui<h(R)} 


4>r 


\Gi 


J 


(t>R 


n((i-i-OR)n{|«|<?i(R)} 


W 

(Z, Gu) 

W 


/n((i+s)R) 


4’r 


{Wur,Gu) 

W 


< 


/ (i 

./n((i-i-5)R) V 


f>R 


(Vur,Gu} 

W 


(4.3) 
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In the last step we have used the Cauchy-Schwarz inequality, as well as the fact that ^ 1- 

To get rid of the last summand in (14.3L we integrate the following identity in V,{{1 + S)R): 


0 = (I)rUu div 


Gu 

W 


= div 4 >rUr 


Gu\ (I)r{Vur,Gu) ur{V4‘r,Gu) 


Stokes theorem yields 

(^r{Vur,Gu) 

IO.((l+S)R) 


/ 


W 


W 


4’RUR 


W 


W 


{Gu, rj) 
W 


UR{V(j)R,Gu) 

W 


(4.4) 


(4.5) 


JdQ((l+S)R) Jn((l+S)R) 

where rj denotes an outer unit conormal vector field to n((l + S)Ii) along its boundary. We will 
now estimate the two terms in the RHS of (0^. For the first one, we notice that the integral 
over 9fl((l + 5)i?) can be decomposed in integrals over A((l + 5)i?) and r((l + S)E), because (f>R 
vanishes at the rest of points of 9fl((l + S)Il). Hence, using Cauchy-Schwarz inequality and the 
fact that < 1, we obtain 


'dn((l+S)R) 


4>rur 


{Gu,rf) 


W 


/A((1+S)R) 


(j^RUR 


{Gu, rj) 
W 


/r((i+s)R) 


4’RUR 


{Gu,rf) 

W 


< / I^rI 

JAai+S)R) 


/r((i+s)R) 


Wr\ 


(4.6) 


<h((l-I-(5)i?) length(A((l-(-i5)i?))-I- / |m|, 

Jriii+5)R) 

where we have used that |u_r| = h{{l -I- S)R) along A((l -|- S)R) since u takes unbounded values 
there, and Im/jI < |it| along T{R). In order to get a bound on the second term in the RHS of (14.5|) 
we will use again Cauchy-Schwarz inequality and the fact that iVt/j/jj = ^ on il{R, (I + S)R) and 
\V(j)R\ = 0 in fl{R). We get that 


UR- 


{V ^r,Gu) 
W 


< 


\y(t>R\WR\\Gu\ ^ h{R) 


W 


< 


SR 


■ a,rea,{fl{R,{l + S)R)). (4.7) 


Jn((i-i-<5)R) Jn{R,{i+s)R) 

Plugging (14.611 and (14.711 into (14.5L and combining the result with (14.311 and (14.211 . it suffices to 
take limits for (5 —^ 0 to get the the inequality in the statement. The only non-trivial limit is 


lim 5 _>o area(H(i?, (1 -|- S)R)), but it equals length(0(i?)) by the coarea formula. 


□ 


Observe that the term |m| may be useful, for instance, in the case we know that u has 

zero (or bounded) boundary values along some components of the boundary, or when r(i?) = 0. 
Nonetheless we can slightly simplify the inequality in Lemma |4] by estimating |Mfl| < h{R) along 
r(i?) in (|4.6I1 . to obtain the following. 

Lemma 5. Under the assumptions of Lemma^ 

area(S n i?fl(0)) < f (1-I-|Z|) -|-h(i?) length(9H(i?)). 

Jn{R) 


These estimates could be adapted to many particular situations to obtain upper bounds on the 
extrinsic area growth, but now we will focus in the cases we will need in the sequel. Lemmas 0] 
and [5] can be clearly generalized to the Killing-submersion setting (see Remark [S]). 

Theorem 1. Let E C E(k, r) be a minimal graph over a domain fl C M^(k), whose boundary is 
piecewise regular and consists of curves along which the graph either extends continuously or takes 
infinite limit values. Suppose that (at least) one of the following conditions holds: 

(i) The graph extends continuously to dLl with zero boundary values. 

(ii) There exists K > 0 such that length(50(i?)) < K length(i9Dfl(0)) for R sufficiently large. 
Then S admits the following area estimate: 

(a) IflS,{K,T) = then E has at most guadratic extrinsic area growth. 
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(b) //£(«;,r) = Nil 3 (T), then S has at most cubic extrinsic area growth. 

(c) If K <0, then S has at most extrinsic area growth of order R i-A Re^^^^. 


Proof. If K = 0 and t 7 ^ 0, then H{R) C {(x, y) € M.^ : x'^ + y'^ < R^}. As the metric in 17 C is 
the Euclidean one and Z = —rydx + rxdy 



(l + l^l)< 


[ (l + T\/a;2_|_y2'\ _ ,^^2 


2'kt 


-R'^ 


(4.8) 


Lemma [T] implies that we can choose h{R) = CR^ for some C > 0 and R > ■^. If (i) holds then 
we can apply Lemma 0] with A{R) = 0 and |m| = 0. Since &{R) C 9Z7_r( 0), we also have 
that h{R) length(0(i?) U A(i?)) < 2CttR?, giving at most cubic area growth. If (ii) holds, then we 
directly apply Lemma [S] with h(i?) length(cA7(i?)) < 2CKttR?, and we are done. Note that the 
case of E(K,r) = is similar to this one, but taking into account that Z = 0 and h{R) = i?, so 
the estimate only gives quadratic terms. 

Let us now consider the case k < 0. Likewise we compare I7(i?) and I7 r(0) C ]H1^(k), given by 
the inequality x^ + y"^ < ^ tanh^(^^^^^i?). Moreover Z = —xy^ + tx^ so \Z\ = Ty/x^ + y"^ in 
]HI^(k). By using polar coordinates, it is not difficult to show that 


[ (1 + \Z\) < sinh^ (^r) + sinh {^R) - r) . 

It is also straightforward to compute length(i 9 I 77 {( 0 )) = -^= sinh(i/— kI?), and Lemma [3] allows 
us to consider h{R) as a linear function. We conclude by the same argument as in the case k = 0, 
and applying either Lemma 0] or Lemma [5] □ 


As a first consequence of Theorem [1] we will use the Daniel correspondence [S] to obtain some 
intrinsic area estimates for a complete constant mean curvature H graph in E(K,r). We recall 
that, if + k > 0, then the only complete graphs with constant mean curvature H are the 
horizontal slices x {to} in x R (see [H]), so the next result cover all non-trivial cases. 

Theorem 2. Let S C E(K,r) be a graph with constant mean curvature H such that AH^ + k < 0, 
and suppose that E is complete. 

(a) If K + AH^ = 0, then E has at most cubic intrinsic area growth. 

(b) If K + AH^ < 0, then E has at most intrinsic area growth of order R i-A Re^'^~'^~‘^^‘‘. 


Proof. Under the assumption of completeness, E is the graph of a function defined on a domain of 
M^(k) whose boundary (possibly empty) consists of complete curves of constant geodesic curvature 
±2iJ (see [231 Theorem I]). In particular, E is simply connected and Daniel correspondence [5] 
yields the existence of a sister minimal surface E* immersed in E(K + 4iL^, V+ r^). The surface 
E* is isometric to E and has the same angle function, so it is also complete and transversal to the 
vertical Killing vector field. By means of [231 Theorem I], this implies that E* is also a complete 
minimal vertical graph over some domain of M^(h; + AH^). 

(a) If K + AH^ = 0, then E* is a complete minimal graph in Nil 3 (-\/+ t^), and we deduce 
from m that E* is entire, so it has at most cubic extrinsic area by Theorem [T] 

(b) If K + AH^ < 0, then E* is the graph on a domain of IHI^(k + AH^) bounded by geodesic 

curves. Given R > 0, the set dLt{R) consists of finitely-many geodesic segments and 
finitely-many arcs in dD}i{0). Since geodesics in IHI^(h; + AH^) minimize length, it turns 
out that each of the geodesic segments in dLl{R) has smaller length than the arc in dDfi{0) 
connecting its two endpoints. It follows that length(cA7(i?)) < length( 9 D 7 {( 0 )), so E* has 
extrinsic area growth of order at most R 1 —>■ R Theorem [TJ 
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These estimates also hold for the intrinsic area growth, since it is always bounded from above by 
the extrinsic one. Since the correspondence is isometric, we deduce that S has the same intrinsic 
area growth as E*, which finishes the proof. □ 

In the following subsections, we will apply our results about extrinsic area growth, in order to 
estimate the area of some known examples. 


4.1. Area of horizontal umbrellas in E(«;,t). Let us consider E to be the plane z = 0 in the 
model for E(k,t), which is nothing but the horizontal umbrella centered at the origin (i.e., it is 
the union of all horizontal geodesics in E(k, r) passing through the origin) and it is minimal. 

• If E(k,t) = Nil 3 (r), since horizontal geodesics are Euclidean geodesics, it follows that 

E n = {(x, y, 0) : +y'^ < R^} for all R ^ 0. It is 6&sy to computo 

area(E n S_r(0)) = ^ (^(1 + ^ 

• In the case k < 0 (for any r), the expression of horizontal geodesics in Section [5^ gives 

E n Bji{0) = |(x, 2 /, 0) € D X R : + 2 /^ < ^ tanh^ } ■ 

The area of E fl S_r( 0) can be computed easily via the parametrization (x, y) i—>■ (x, y, 0) 
and using polar coordinates. After some computations we get 

T ■^/1 - I - t 2 t '2 ,/ 4 t 2 _ ^ ,_ 

area(E n Bji(O)) =2tt , dr = tt- + 0{R). 

Jo 1 ^+ 4 ^ ) —Ky/ — K 


Note that in both cases the intrinsic ball of radius R centered at the origin is given by i?§(0) = 
E n Bii{0). This is due to the fact that horizontal geodesics are always minimizing, and proves 
that intrinsic and extrinsic area growths coincide for horizontal umbrellas. 


It is worth mentioning that umbrellas in Nil 3 (T) are hyperbolic surfaces (i.e., conformally equiv¬ 
alent to the unit disk D), see [9j Example 8.1]. We can generalize this idea for k < 0 and t ^ 0. 
In fact, it is easy to check that the global parameterization 


$ : ©(cr) —>■ E(/c, r). 


^{u,v) = 


2 u 


2 v 


r(l — — v'^) ’ t(I — ’ 


is well-defined and conformal, where ©(ct) C R^ is the disk of radius a = ^(\/—k -|- -y/— k) < I 

with center at the origin. If r = 0, then horizontal umbrellas are nothing but horizontal sections 
M^(k) X {to}; which are parabolic for k > 0 and hyperbolic otherwise. 


4.2. Area of Figueroa-Mercuri-Pedrosa examples. Let 0 G R, and let Eg be the entire 
minimal graph of the function /g given by (13.311 . In this case we are able to compute the exact 
intrinsic and extrinsic area growths. 

Proposition 2. The minimal graph Eg C Nil 3 (T) satisfies the following properties: 

(a) Eg has extrinsic and intrinsic cubic area growth. 

(b) Eg is a parabolic surface. 

Proof. First of all, we observe that the global parametrization 

(u, u) G R^ (^(cosh(0)u -I- sinh(6() cosh(x)), ^ sinh(u), ^(cosh(6()itsinh(z;) — sinh(0)?;)) 

is conformal and the metric of Eg reads cosh^(6() cosh^(u)( du^ -|- du^) in these coordinates 
(see [T^ Example 7]). Hence Eg is globally conformally C, so it is parabolic (see also [HI Example 
8.2]). Moreover, all the surfaces Eg are intrinsically homothetic. We will prove that Eq has at 
least cubic intrinsic area growth. From that, it follows that Eg has at least cubic intrinsic area 
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growth for all 6 , and then Sg will have exactly cubic intrinsic and extrinsic area growth, since the 
extrinsic area grows faster than the intrinsic one, and it is at most cubic by Theorem [TJ 

Via the parametrization {x,y) i—>• {x,y,Txy), the surface Eg is isometric to endowed with 
the metric ds^ = (1 + 4T^y^)da;^ + dy"^. Given {x,y) G let us consider the curve a joining 
(0,0) and (x, y) consisting in two straight segments, ai (joining (0,0) and (x, 0)), and 02 (joining 
(x,0) and {x,y)). It is easy to see that length(ai) = |x| and length(Q; 2 ) = |y| with respect to ds^. 
This means that the ds^-distance from (0,0) and (x,y) is smaller than |x| + |y|, so the geodesic 
ball in Eq = (M^, ds^) centered at (0, 0) of radius R contains the square S{R) of vertexes 

(0, ±i?) and (±i?, 0). Since the area element for ds^ in the (x, ?/)-coordinates is we 

obtain the following lower bound for the area of B^°(0): 

r _ fR fR-y _ 

area(i?^“(0)) > / y^l + dx dy = 4 / / \/l + dr^y^ dx dy 

Js{R) Jo Jo 

= ^ (1 + {2t'^R^ - 1)^1 + 4T2i?2 + 3tR arcsin h(2Ti?)) . 

Hence, area(i3^“(0)) > + 0{R?) and we are done. □ 

Using this result, we will correct a mistake in the Bernstein theorem for horizontal minimal 
multigraphs in Nil 3 (i) given in 

Let us take the surface Eg C Nil 3 (i) parametrized by 

{u,v) G 1 -^ (^e{u,v),u,v + ]^uge{u,v'^ , 
where ye : —>■ R^ is given by 

ge(u, v) = V + (^(1 + u)^/l + (1 + u)^ + arcsinh(l + u)^ . 

Hence Eg is an entire graph in the direction of the Killing vector field X = Ei + yE^ (see [22 
Section 5]) and the isometry F : Nil 3 (i) —>• Nil 3 (i) given by F{x, y, z) = (x, y + 1, z— ^x) satisfies 
F{Tie) = Eg. In particular, Eg = T'“^(Ee) is an entire minimal graph in the direction of X, and 
it is parabolic by Proposition |2 Theorem 3 in [22] contains a subtle mistake in the way Eg is 
discarded as a horizontal graph (it the proof, both the surface and the Killing vector field were 
normalized under an ambient isometry, but this yields a loss of generality). It is fixed as follows: 

Theorem 3 (Correction of Theorem 3 in |22jl. Let E C Nil 3 (i) be a complete minimal surface 
transversal to the Killing vector field X = Ei + yE^. If Yi is parabolic, then it is either a vertical 
plane or an invariant surface Yg, up to an ambient isometry. 

4.3. Area of ideal Scherk graphs (k < 0). Let H C IHI2 (k) be an unbounded domain whose 
boundary is an ideal polygon consisting of finitely-many complete curves with alternating constant 
geodesic curvature ±2H, meeting at some points at the ideal boundary 5ooIHI^(«:). Let E C E(k, r) 
be the graph of a function u defined over H, with constant mean curvature H satisfying < 0, 

and such that u has boundary values ±00 along each curve in dLl. Such surface E is known as 
an ideal Scherk graph. The existence of ideal Scherk graphs in x R was proven by Collin and 
Rosenberg in |7], under some conditions on the shape of the domain LI. In fact, the conditions 
were inspired by those founded by Jenkins and Serrin for a minimal graph in R^ with infinite 
boundary values. Analogous existence results were given by Folha and Melo [15] (0 < iL < i in 
X R) and Melo [21] {H = 0 in SL 2 (R)). 

The aim of this section is to show that the area growth of ideal Scherk graphs is similar to the 
area growth of the vertical surfaces they are asymptotic to (Theorem [4]) . 
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Remark 4. Let E = 7r“^(r) C being L C a geodesic. Then E is minimal and has 

quadratic intrinsic area growth provided that /t < 0, for it is isometric to endowed with the 
Euclidean flat metric. Let us suppose that E is given by the equation x = 0 in our model. 

• If K = 0, E(K,r) = Nil 3 (r), we get by Lemma [2] (a = 1) that there exist m,M > 0 such 
that EnCmfl C T,r\Bji{0) C TiHCmr for i? > Here we have considered the cylinders 
Cr = Dr{0)x]—R^,R^[ that satisfy area(EnC'fl;) = for all i? > 0, which implies that 
E has cubic extrinsic area growth. 

• Hk < 0,thenHfl;(0) C i4/{(0)x] —Mi?, Mi?[for some M > 0 by LemmaEl so area(i?i{(0)n 
E) < area(E n {Dr{0)x] — MR,MR[)) < AMR? and E has at most quadratic extrinsic 
area growth. Since the intrinsic area growth is quadratic and it represents a lower bound 
for the extrinsic one, we deduce that the extrinsic area growth of E is also quadratic. 


Next we will analyze the area of the projection of a complete graph E in E(K,r), which will be 
the key step in the proof of Theorem|Tl Let us mention that the angle function v = {E^^N), being 
N the upward-pointing unit normal to E, is such that /g u = area(7r(G)) for any region G C E, 
where tt : E(k, r) —?> ]H1 ^(k) denotes the usual projection. This assertion follows from the fact that 
the Jacobian of equals |u|, and u > 0 because of our choice of the unit normal N. 

Proposition 3. Let E C E(k, t) he a complete graph with constant mean curvature H such that 
AH^ -b At < 0, and projecting onto a domain Ll C (k) . 


(a) If Yi is an ideal Scherk graph and LI has 2n ideal vertexes, then LI has finite area given by 


area(f2) 


2(n — l)7r 

-At-4H2- 


(b) If E is not an ideal Scherk graph, then LI has infinite area. 


Proof. Given i? > 0, let us consider L}{R) = H fl Dr{0). Then dLl{R) can be decomposed in three 
finite families of arcs, namely, those with geodesic curvature 2Lf (along which E takes -boo limit 
boundary value), those with geodesic curvature —2H (with —oo limit boundary value) and those 
in O n dD[i{0). Geodesic curvature is always computed with respect to the inner conormal vector 
held to Ll{R) along its boundary. Let us call a{R), P{R) and £{R) the lengths of the segments in 
the hrst, second and third family, respectively. Gauss-Bonnet theorem applied to Lt{R) C ]HI^(k) 
yields the following identity: 

Kavea{Ll{R)) = 2 tt- 2H{a{R) - /3(i?)) - Hig{R)£{R) - 0(i?), (4.9) 

where Kg{R) > 1 is the geodesic curvature of cHJ_r( 0 ), and 0 (i?) denotes the sum of all exterior 
angles at the vertexes of dLl{R). Now, let us consider T = — vN to be the tangent part of the 

vertical Killing vector held E^, which satishes divi;(T) = 2Hv. By a classical application of the 
divergence theorem to T (also known as hux formula) on E(i?) = 7 r|^^(H(i?)), it follows that 

2Harea(H(i?)) = / divs(T) = a{R) - P{R) + [ {T,rf), (4.10) 

Jt.(R) JdT.(R) 

where rj stands for an unit conormal to E(i?) along its boundary. The term a{R) — ?{R) appears 
since we indeed apply the divergence theorem to compact subdomains of E(i?) uniformly converg¬ 
ing to E(i?), and the angle function uniformly tends to 0 along the boundary curves with geodesic 
curvature ±211. Hence, combining (14.911 and (I4.1QL we get that 

{-K - AH^) aTea{Ll{R)) =-2Tr ± e{R) ± Kg{R)e{R) - 2H [ {T,rf), (4.11) 

JdT,{R) 

Observe that i9E(i?) consists of curves of inhnite length, but the last integral in (14.lip is hnite. If 
we parametrize one of these curves by 7 : R —>■ E(«;, t) with unit speed and consider J to be the 
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^■-rotation in TS, we have that (T, rj) = (JT, 7 '). Since {T, JT} is an orthogonal frame on E with 
|Tp = = 1 — we can express 1 — = (T, 7 ')^ + (JT, 7 ')^, and hence 

[{T,r]) < j |(JT, 7 ')|= f \/l - 1/2 - (T, 7')2 < f \/l - (^, 7 ')^ = length( 7 r o 7 ). (4.12) 

,/'y ,/'y 

The last equality in (14.121) follows from the fact that (T, 7 ') = (^ 3 , 7 ') (note that 7 ' is tangent), 
and the fact that [(tt o 7 )'^ + (£' 3 , 7 ')^ = 1 , which follows from decomposing 7 ' in vertical and 
horizontal components. Hence the absolute value of the last integral in (j4.11|) is at most £{R). 

Let us now take limits in (14.1111 when i? —00 and distinguish two cases: 


(a) If E is an ideal Scherk graph, then it is easy to prove that lim/j_).oo £{R) = 0, since two 
successive components of dVl approach exponentially in R. Moreover lim/j_>oo Kg{R) = —k. 
On the other hand, 0(i?) = 2 n 7 r for R sufficiently large (it suffices to take R such that 
dD]i{0) intersects transversally all the components of d^l). Thus it follows from (I4.11|) 
that (—K — 4iJ^) area(H) = 2 (n — l) 7 r and the statement follows. 

(b) Let us now suppose that E is not an ideal Scherk graph. Then we have two possible 

situations: either H contains an arc at infinity (so it is clear that area(H) = 00 and we are 
done), or dfl consists of infinitely-many curves of geodesic curvature zL2H. In the latter 
case, we have proved that Hg{R)£{R) — 2H > {Kg{R) — 2H)i{R) > 0, and 

hence (|4.11|1 implies (—k — 4iL^) area(0(i?)) > —27r + Q{R) for all R > 0. It suffices to 
check that limfl_>.oo 0(i?) = 00 , but this is straightforward since dfl{R) contains eventually 
an arbitrarily large number of vertexes, and the exterior angle at each of these vertexes 
converges to some value, bounded away from zero, only depending on H. □ 


Corollary 1. //E C E(K,r) and E* C E(«:*,t*) are sister surfaces by the Daniel correspondence, 
and E is an ideal Scherk graph, then so is E*. Moreover, they are graphs over ideal polygons with 
the same number of ideal vertexes. 


Proof. As mentioned in the proof of Theorem [21 if E is an ideal Scherk graph, then it follows 
from [ 23 ] that E* is a complete graph over a domain Q* = 7 r(E*) C EI^(k*) bounded by curves of 
geodesic curvature ±2H*, where H* is the mean curvature of E*. Since O = 7 r(E) has finite area 
by Proposition [31 (a), the angle function is preserved by the correspondence, and the integral of 
the angle is the area of the projection, we get that D* also has finite area, so it is a Scherk graph 
by Proposition [31(b). Since k + = k* + AH*^, the number of vertexes is also preserved. □ 


Finally we can prove the desired area estimate. 

Theorem 4. // E C E(k, t) is an ideal Scherk graph, then E has at most quadratic intrinsic area 
growth. In particular, the underlying conformal structure of E is parabolic. 

If E is minimal, then it also has quadratic extrinsic area growth. 

Proof. Let E* C E(k + '/r^ + II^) be the sister minimal surface by Daniel correspondence, 

and let us prove that E* has at most quadratic extrinsic area growth. This implies that E*, and 
hence E, has at most quadratic intrinsic area growth, so we will be done. Moreover, the assertion 
about the conformal structure follows from a result by Cheng and Yau jH Corollary 1]. 

By Corollary[T] the surface E* is also an ideal Scherk graph over some domain D* C H^(K + 4iJ^) 
with 2n ideal vertexes for some n G N. In order to apply Lemma [5] to E*, we first observe 
that area(D*) is finite and |Z| = ^(r 2 + + y 2 j jg bounded so /q .(^)(1 + |^|) is bounded 

independently on R. Moreover, for R sufficiently large, dVl*{R) consist of 2n geodesic segments 
as well as some arcs contained in dDji{0). On the one hand, the length of these arcs in dDfi{0) 
can be easily shown to converge to zero when i? —>■ 00 . On the other hand, each geodesic segment 
in dH*{R) has length at most 2R, the diameter of T>i?(0), because geodesics minimize length in 
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H^(k + AH^). Hence length(9H*(i?)) grows linearly. As k + AH^ < 0, Lemma [3] allows us to take 
h{R) as a linear function. By applying Lemma[5l we can guarantee that area(I]* fl i?/j(0)) grows 
at most quadratically. □ 

4.4. Area of catenoids and fc-noids in ]HI^(k) x R. As a last family of examples, we will study 
symmetric fc-noids in ]HI^(k) x R with constant mean curvature H such that AH^ + k < 0. Minimal 
fc-noids were constructed independently by Morabito and Rodriguez [^, and Pyo [5S], though 
in [25] the non-symmetric case is also considered. We emphasize that horizontal catenoids are 
recovered as 2-noids, and were first obtained by Daniel and Hauswirth [10] for iJ = ^ in x R, 
by means of a representation formula for the Gauss map of minimal surfaces in Nil 3 (i). For the 
rest of values of the mean curvature, symmetric fc-noids were obtained by Plehnert m- They 
are complete embedded surfaces in x R with genus zero and k ends, which are asymptotic to 
vertical cylinders over curves of geodesic curvature —2H. We will prove that they have at most 
quadratic intrinsic area growth, illustrating how our techniques can be easily adapted to conjugate 
Plateau constructions. 

The key idea in the construction is to realize that such a fc-noid Efc C ]HI^(k) x R can be 
decomposed in Ak pieces which are congruent by ambient isometries. By Daniel correspondence, 
each piece is isometric to a minimal graph S* in E(k + AH^, H), which is obtained by solving an 
improper Plateau problem. The graph E* projects onto an ideal geodesic triangle A C M'^{k+AH'^) 
which has a vertex at infinity (so two of its sides have infinite length), and the other two vertexes 
having angles | and f (see nzi Section 3.3]). The surface E* is obtained by solving the Dirichlet 
problem with zero boundary values along the sides sharing the ^-angle, and +oo limit value along 
the third side of A. Hence it is clear that area(A) < oo and length(9D(i?)) grows linearly, so 
Lemma m yields that E* has at most quadratic extrinsic (and intrinsic) area growth. Since sister 
surfaces are isometric and E^ consists of Ak pieces isometric to E*, we get the following result. 

Theorem 5. Given k > 2, the k-noid E^ C ]HI^(/c) x R with constant mean curvature H such that 
AH^ + K < 0, constructed in m, has at most quadratic intrinsic area growth. In particular, Efc 
is parabolic, so it is conformally equivalent to minus k points. 


5 . Cylindrical area growth 


Now we will introduce a different concept related to the area growth of a surface in E(k,t). 
Given x € M^(k) and i? > 0, the cylinder centered at xq of radius R is the open subset Cji{xo) = 
TT~^{Dfi{xo)). In analogy to Section^ we define the cylindrical area growth of E as follows. Given 
a positive increasing continuous function / : R —^ R"*", the surface E has cylindrical area growth of 
order at least f{R) (resp. at most f{R)) if 


lim inf 

R—^oo 


area(E fl Cii{xo)) 

m 


> 0 



lim sup 

R^oo 


area(E fl Cn{xo)) 

m 


< oo 


When f{R) is a polynomial of degree k, we say that the cylindrical area growth is of order at 
least (resp. at most) k. This definition does not depend on the choice of Xq G M^(k) either, and 
it is invariant under ambient isometries of E(k, r) (note that any isometry R of E(k, r) satisfies 
R(C/i(7r(p))) = C/{(7r(F(p)) for all p G E(k,t) and R > 0). The cylindrical area is appropriate to 
study the area growth of entire graphs in E(/c, r), as will shall see below. 

In Example 14.11 it is proved that the horizontal umbrella Eg given by z = 0 has cubic cylindrical 
area growth in Nil 3 (r), whereas it grows as i? i—>• in the case k < 0. This follows from the 

fact that Eg fl (^/{(O) = Eg fl Bff(O), so both cylindrical and extrinsic area growths coincide over 
E. Next result proves that the graphical surfaces which minimize area with free boundary over 
vertical cylinders are precisely horizontal umbrellas. 
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Proposition 4. Let S C E(«;,t) he the graph of a funetion u : Dii{xo) C M^(k) —R which 
extends continuously to Dh^xq), and let Eq be the horizontal umbrella centered at po such that 
7r(po) = xo- Then 

area(E) > area(Eo n Cr{xq)). 

Equality holds if and only «/ E = Eq H Cii{xo), up to a vertical translation. 

Proof. By applying an appropriate isometry of E(k, t) and choosing Eq up to a vertical translation, 
we may assume that xo = 0 , m > 0 in Dii{ 0 ), and also that Eq is given by the equation z = 0 . 
The upward-pointing unit normal vector field to Eq is 

^ _ -ryEi + txE 2 + E 3 
y/l + t'^(x'^ + 1/2) 

This expression extends Nq to a global unit vector field in E(/t, r) with zero divergence (it is the 
unit normal to a foliation of E(ft;,T) by minimal surfaces). Now, let U C E(k,t) be the bounded 
region with boundary Eq nCH(O), E, and the cylinder dCii{0), and apply the divergence theorem 
to Nq in U. Since Nq is orthogonal to Eg and tangent to dCR{0), we get 

J {No, N) = area (Eg n C'/j(0)), 

where N denotes the upward-pointing unit normal vector field to E. Since {No,N) < 1, Cauchy- 
Schwarz inequality yields that area(E) > J.^{No, N), and we are done. If equality holds, then 
{No,N) = 1, so N = Nq and E differs from Eg by a vertical translation. □ 

Combining Proposition 0] with the explicit cylindrical area growth of horizontal umbrellas, we 
get a global estimate for entire graphs. 

Corollary 2. Let E C E(«;,t) be an entire graph. 

(a) //E(«;,t) = Nil 3 (r), then E has at least cubic cylindrical area growth. 

(b) If K < 0, then E has at least cylindrical area growth of order R 1 —> e''^^^. 

We observe that the cylindrical area growth and the extrinsic area growth of entire minimal 
graphs in Nil 3 (T) admit estimates, from below and from above, respectively, of order 3. If we 
could guarantee that they coincide for some entire minimal graph E, then we would be able to 
prove that E has exactly cubic extrinsic area growth. Next result shows that this is the case when 
we assume a restriction on the growth of the height of the entire graph. 

Corollary 3. Let E C Nil 3 (r) he an entire minimal graph given by a function u £ and 

assume that there exist constants M > 0 and /3 > 1 such that |m| < M(l-|-r^)^, being r the 
distance to the origin in . Then the extrinsic area growth of E has order at least ^. 

In particular, if ft = 1, then E has exactly cubic extrinsic area growth. 

Proof. Let us consider the distance Sa defined by (IQ) for some a > y^M. The equivalence between 
d and da established in Lemma [2] implies that the growth of the function R 1 —>■ area(E fl i?i?(0)) 
is asymptotically the same as the growth of i? >->■ area(E fl (ZI_r(0)x] — a^R^,a^R^\)) (we recall 
that II_r(0)x ] — a^R^, a^R?[ is the ball of radius R for Jq)- Since /3 > 1, we get that 

area(E fl (ZI_r(0)x] — a^R^,a^R^\)) > area(E fl (H^i/zs (0)x] — R?,a^R^\)). 

Now we observe that, by hypothesis, |m| < M(l-|-i?^/^)^ on L>^i//3(0), and M(1< a^R? 
for R sufficiently large. It implies that E fl (IIfl.i//9(0)x] — a^R^,a^R^\) = E fl C/ji//3(0) for R 
sufficiently large, so area(E fl C;ji//3(0)) grows at least as the function R >->• [R^/^Y = by 
Corollary [21 so we get the desired estimate. 

If /3 = I, this estimate implies that E has at least cubic extrinsic area growth, and we conclude 
by Theorem [T] that the extrinsic area growth is exactly cubic. □ 
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Corollary [3] gives a relation between the area growth and height of the graph. In this direction 
we can prove the following gradient, height and area estimates. 

Theorem 6. Let S C Nil 3 (T) be an entire minimal graph, given by a function u € and 

eonsider r = yjy"^ ■ Then 

(a) there exists a constant B > 0 such that \Gu\ < B(1 + r^), 

(b) there exists a constant C > 0 such that \u\ < C(1 + 

In particular, the extrinsic area growth of S is at least quadratic, and at most cubic, while the 
cylindrical area growth of E is at least cubic, and at most quartic. 


The proof of Theorem [S] will rely on the following gradient estimate for entire spacelike graphs 
in Lorentz-Minkowski 3-space with constant positive mean curvature, via the Calabi-type 
correspondence by Lee [m Corollary 2]. 


Lemma 6. Let E c 6 e an entire spacelike graph with constant mean curvature H > 0, given 
by a global parametrization [x,y) i—>■ (x,y,v(x,y)) for a certain function v € Then there 

exists a constant Al > 0 such that 


|Vwp < 1 


A 

(l+r2)2’ 


being r the distance to the origin in "sjy the usual gradient of v in R^. 


Proof. First we can assume that E is not a ruled surface, and apply a translation in such that 
the origin belongs to E, and no straight line through the origin is contained in E. Notice that this 
normalization does not affect the estimate we are looking for. Note also that, if E were a ruled 
surface, then the classihcation of ruled constant mean curvature surfaces in given in m implies 
that E is either minimal, or a circular cylinder, or a hyperbolic cylinder or an isoparametric surface 
with null curves. Since we are dealing with H > 0 and the surface is spacelike, we conclude that E is 
a hyperbolic cylinder, i.e., up to an isometry of L^, we can suppose that v{x, y) = -I- AH'^x'^, 

so |Vup = 1 — (1 -I- AH^x^)~^ and the statement follows. Moreover, it follows from the work of 
Treibergs [50] that E is the boundary a convex set in (see also [T]) so, up to a mirror reflection 
with respect to z = 0 , we may also assume that is a convex function. 

Following the arguments in [5] (see also [30]), the surface E is complete with respect to its 
induced Riemannian metric, and the Lorentzian support function $ : —>■ R given by d>(a;, y, z) = 
x^ +y^ — z^ is a proper function on E satisfying the gradient estimate |V^<l>p < (7(1 -I- $)^, where 
the gradient is computed on E. We will develop this inequality to get our result. 

By taking into account that V^<i> = V<I> -I- (V$, N)N, where Vd> = 2xdx + ‘I.ydy + 2zdz denotes 
the gradient of $ in the ambient space L^, and N = {1 — v^ — Vy)~^^^{vxdx + Vydy -I- dz) is a unit 
normal to E, we reach the following expression: 

I= |V$p -b (V$, 7V)2 > (v$, iV)2 = 4(^ - xvx - yvyf 

I-vi-v^ 

Next we estimate the numerator in the RHS of (15.11) , for what we observe that the intersection of 
the z-axis and the tangent line to E at (x, y, v) in the direction of the tangent vector [x, y, xvx+yvy) 
is precisely the point (0,0, n — xvx — yvy). Using this and the fact that E is convex and does not 
contain a line through the origin, we get that 

w{x,y) <w( ^ 2 ^ /2 2 ) ^ ifx'^+y^>l, (5.2) 

yy/x-^+y^ y/x^+y-^J 

where w = v — xVx — yVy. Since w is continuous and the unit circle is compact, equation (15.2p 
implies that there exists a constant M > 0 such that = {v — xVx — yvy)^ > M provided that 
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> 1 . Hence the gradient estimate for the support function by Cheng and Yau (see[5l 
Theorem 1] and [201 Proposition 2]) yields 


4M^ 


1 - |Vu|2 


< < C{1 + = C(1 + x^ +y^- v^Y < C(1 + x^+ yy. 


Equivalently, |Vwp < 1 — ^^^(1 + r^) Though this inequality is valid for r > 1, it trivially 
extends for all r > 0 by possibly changing the constant M, so the statement follows. □ 


Proof of Theorem By taking into account the Calabi-type correspondence in [18] we can asso¬ 
ciate to S a function v £ C°°(]R^) such that (a;, y) i-A- (a;, y, v{x, y)) defines an entire spacelike graph 
in with constant mean curvature r, and v satisfies the relation (1 — |Vup)(l -I- |Gup) = 1. From 
Lemmain] we get that there exists H > 0 such that 1 + |Gup = (1 — < A~^{\ -|- r'^Y < 

1 -b -b r^)^, and we get item (a) by just taking B = . 

Applying the Minkowski inequality to the expression ^/u = Gu — Z, where Z = —rydx -b rxdy, 
we get that |Vm| < |Gu| -b \Z\ < B{1 + r^) -b rr. Hence |Vu| grows at most quadratically in r, 

from where it is easy to see that there exists a constant G > 0 satisfying item (b). 

The assertion about extrinsic area growth in the statement is a consequence of Corollary [2] (/3 = 
|) and Theorem [TJ Finally, the assertion about cylindrical area growth follows from Corollary [2] 


and a simple integration in polar coordinates using item (b): 

%{E(1Cr{0))= [ v^TTli&IiF < 27r / ry^l + B'^{l+rydr 

JDn(O) Jo 


areal 


< 


for r big enough and some constant D > 0. 


□ 


As mentioned above, our estimates of the gradient give estimates on the angle function. This 
allows us to improve a result by Espinar m Corollary 5.2] on complete stable surfaces with 
constant mean curvature. Here, stability is understood in a strong sense (i.e., a constant mean 
curvature H surface is said stable if it is a stable critical point of the functional = area—277 vol, 
for all normal variations of E with compact support, see also [ 22 ] 1 . 

Corollary 4. Let S be an orientable complete stable surface with constant mean curvature H 
immersed in E(k, t), with t Y ^ o,nd 477^ -b k > 0. If G L^(S), then k -b 477^ = 0 and H is a 
vertical cylinder over a eomplete curve in M^(k) with constant geodesic curvature 277. 


Proof. Under these hypothesis, m Corollary 5.1] implies that k < 0 and E has critical mean 
curvature, and it is either a vertical cylinder or an entire graph. By the Daniel correspondence, 
we will suppose that E(k, t) = Nil 3 (T) without loss of generality (stability is also preserved by the 
correspondence, see [5J Proposition 5.12]). Nonetheles, if E is an entire minimal graph in Nil 3 (T) 
given by a function u £ Theorem [S] gives the estimate 


Z/2 = 


1 


> 


27rr 


/r 2 y/l + \\GuY Jo y/1 -b 772(1 + r^)' 


= 00. 


Note that 77 is a constant and we used polar coordinates to get to the last integral. Hence E must 
be a vertical plane. As vertical surfaces are preserved by the correspondence, we are done. □ 


Estimates on the growth of the height of minimal graphs seem to be quite useful in the com¬ 
prehension of the area growth. As far as we know there is no example whose height grows more 
than quadratically. In fact, we conjecture that the height of an entire minimal graph grows at 
most quadratically, for what it suffices to prove that the estimate in Lemma [5] can be improved to 
jVu] < 1-A(l-br2)-i. 
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In the next section, we will give a result in the opposite direction, by proving that the growth of 
the height of a minimal graph in Nila (u) with zero boundary values over an unbounded domain is 
at least linear. 


6 . Height growth estimates a la Collin-Krust 


This section is devoted to study the behavior at infinity of the height of a minimal graph E in 
Nil 3 (T) with zero boundary values over an unbounded domain H C The very first results on 
this subject are due to Collin and Krust [6] for minimal surfaces in R^. Some generalizations to 
the E(k, T)-setting have been obtained by Leandro and Rosenberg [501 Theorem 2]. We shall give 
a sharper result by comparing E with the zero section, inspired by the linear height growth of 
catenoids (see Section jS]). 


Theorem 7. Let H C he an unbounded domain and let u € be a non-constant function 

whose graph over H is minimal with respect to the Nila (r)-metric, such that u extends continuously 
as zero to dLl. If we denote Mir) = sup^p^j^^Q) |m|, then 


, ^ Mir) 

liminf- > 0. 

r—^oo T 

If additionally there exists C > 0 such that length(f2 fl dDfi{0)) < C, then 


lim inf 

r—>-oo 


M{r) 

J.2 


> 0 . 


In order to prove Theorem [7] we need the following result that is proved in [50]. We will follow 
the notation of Section [01 and also denote by Nu the upward-pointing normal vector field to the 
graph given by the function u. 

Lemma 7. For any u,v G C^{M), 

{w~W^g^-Gv^ = + w^) |fV„ - > 0. 

Equality holds at some point p G M if and only ifS/ulp) = Vr(p). 


Proof of Theorem^ We will assume that A = {x G It ■. u{x) > 0} is not bounded and connected 
(we can restrict to a connected component if necessary and changing the sign of u does not affect 
the arguments below). Given r > 0, we define the sets A{r) = AfiDrlQ) and A(r) = Ar\dDr[Q) C 
dA{r). Notice that Wq = + being p the distance to the origin in R^. Moreover the fact 

that u is positive on A implies that there exists tq > 0 satisfying p = \ ^ > 0. 

Let us define ri{r) = \ ^ for all r > tq. Using Lemma [71 the divergence theorem, 

the conditions u = 0 along dll and H{u) =0 in H, and the fact that |7V„ — iVo| > — -j^l, we 

can estimate for all r > rp 


M{r)ri{r) > 


f dA{r) 


IA{r) 


Gu 

Gu-Z. 


Z 

Gu 


>/ „/^ 2 \ 

JdA{r) \ Wq / 7A(r) 

Z 


Gu 


Wo 


f Wu +Wo 

Gu Z 

JA{r) 2 

Wu Wo 


where x denotes a unit conormal vector field to A{r) along its boundary. We decompose the last 
integral in two integrals, one over A(ro), where we estimate Wu > 1 and Wq > 1 , and another one 
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over A{r) \ A{ro), where we estimate Wu > 1 and Wq >Tp—l. We obtain 


M{r)rj(r) > /- 


— M + 


Gu Z 

2 ^ 

+ [ 

Gu Z 

HA ~ 

JA{r)\A{ro) 2 

W)!" HA 



ds > /r + 


s r]{s)'^ ds 
length(A(s)) 


( 6 . 1 ) 


As length(As) < 27rs, we conclude that there exists m > 0 such that, for all r > tq, 

M {r)ri{r) > p. + m / 77 ( 3 )^ ds. 

Jro 

The function r 1 — >■ M(r) is non decreasing by definition. Given ri > tq, let us write a = M(ri) 
so ari{r) > M{r)r]{r) for all tq < r < ri. Hence 77 satisfies the integral inequality r]{r) > 
a ^ Ir define the function C, : [ro,L) - 


C(r) = 


a/i 


as 


L = ro + —, 

^ mfi ’ 


2a^ — mp{r — rg) ’ 

and observe that (C(r) = ^ ^ C(s)^ ds, so a simple comparison yields 77 > C for all tq < r < L. 

Since 77 is well-defined for all r > rg and C, diverges when r ^ L, we conclude that ri < L = + 

Equivalently, 


mp 




for all ri > rg. ( 6 . 2 ) 

We claim that the function 77 is bounded away from zero at infinity. Note that, for any r > rg, 


77(r) > 


f _ A 




' dA{r) 


Gu 


W'o 




f /A _ A 

ldA{r)\A{r)\Wu Wq 


,X 


(6.3) 


The first integral of the RHS of (16.31) vanishes by Stokes Theorem. As for the second integral, we 
proceed as follows. We prove that ~ Wi^^x) das constant sign on any arc E contained in 

dA (different from one point). Notice that, Gu — Z = Vu 7 ^ 0 along dA, except at isolated points, 
because u > 0 in A by assumption. In particular, Gu — Z is oriented towards A, where it is not 
zero. Hence Gu — Z can be used to orient dA. Then, if — ^,Gu — Z) has constant sign 

along dA, the same holds for ( ^ ~ i x) • By Lemma [71 

is positive at any point where Gu — Z is not zero. Then there exists a constant c such that 
17 ( 1 ') > fr(^ — i§;;,x} ^ c > 0, which proves the claim. 


ir\Wu Wo’ 

For any r 2 > rg we deduce that 

2 


p{r 2 ) := [ 

JA{r 2 ) 


Gu 


Z 


> 


s r](s) 


-ds > — 
Iro length(A(s)) 2 


5 Tc^ 

ro length(A(s))^'^ “ 47 r 

( 6 . 4 ) 

where the first inequality follows from (EU, the second one from the claim above, and the third 
one from the fact that length(A(s)) < 27rs. Applying (16.21) to r2 = < ri instead of rg we get 


M(ri) > 


mp{r 2 ) , . cJrnr 

yri - r2) > 


v'(ri-r2)(r2-ro) = (ri - rg) ( 6 . 5 ) 

4V7r 


2 - 20F 

for all ri > rg, which gives the desired estimate. 

Assume now that there exists C > 0 such that length(A(r)) < G. Proceeding as above, inequal¬ 
ity dniD now reads 

pr 

sr]{s)^ ds 


M{r)r]{r) > p + n 
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for some constant n > 0. Let us take > tq and write b = M{r^) so br]{r) > M{r)r]{r) for all 
To < r < r^. Hence, r] satisfies the integral inequality r]{r) > f f sr]{s)‘^ ds. Let also be 

2 b ^ 








cw = 


46^ — n^{r'^ ~ ^o)' 


which satisfies ^{r) = ^ + f ds, so rj > ^ for all tq < r < by comparison. 


2b b J vq *--u —:• —■ \ nfi 

Since ^ diverges when r —>• (— + we conclude that (— + > rg. Equivalently, 


M(r 3 ) = 6 > J —(r| - rg) for all rg > rg. 


( 6 . 6 ) 


In this case, instead of inequality (16.411 . we have ^(t 4 ) > ^(^1 — Ug) for all r4 > rg. Taking 
r4 = rather than rg in (16.6E it becomes 


2^fC 

for all rg > rg, which finishes the proof. 


M(r 3 ) > ^x/(ri - r|)(r| - r^) = ^(r^ - rg) 


aVc 


(6.7) 

□ 


Remark 5. Theorem [7] holds in a more general case. Our hypothesis that the function u has 
zero boundary value enables us to compare u with the zero section, and the key property for our 
improvement is that Wg is a radial function that grows linearly, which gives a sharper result than 
simply taking Wg >1. In fact, this technique can be adapted to Killing submersions having a 
rotational symmetry. 

We conjecture that, given u,v €. C°°{VL) spanning minimal graphs and such that u = v along dVL, 
the same result as in Theorem [7] holds for M{r) = sup^p^j^^g) |m — u|, provided that m — u is not 
constant. Nevertheless, it does not seem that the proof of Theorem [7] or the arguments in [2^ can 
be easily adapted to this more general situation. 


As a consequence of Theorem [71 we generalize the fact that a bounded minimal graph with zero 
boundary values is unique (see [70]'). 

Corollary 5. Let H C be an unbounded domain. 

(a) If dLl 0, then the only minimal graph over LI in Nil 3 (r) with zero boundary values and 
sublinear growth (i.e., such that limsup^_^g^ = 0) is given by the constant zero u = 0. 

(b) In the case dLl = 0, it follows that the only entire minimal graphs in Nil 3 (r) with sublinear 
growth are the constant ones. 


Let us make a final remark about the height of a minimal graph in Nil 3 (T). In Theorem [01 we 
prove that the height of an entire minimal graph in Nil 3 (r) grows at most cubically, and TheoremjT] 
shows that it is at least linear (unless the graph is constant). This result is sharp, as half of a 
catenoid or planes of the form u{x, y) = ax + by show. Other non-trivial examples of graphs over 
a sector with angle between ^ and tt, with either linear or at least quadratic height growth, are 
given in [3] and [26] (see also Section [3]). 
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